It is shown that when the Einstein-Hilbert Lagrangian is considered without any non-covariant modifications or change of variables, its Hamiltonian formulation leads to results consistent with principles of General Relativity. The first-class constraints of such a Hamiltonian formulation, with the metric tensor taken as a canonical variable, allow one to derive the generator of gauge transformations, which directly leads to diffeomorphism invariance. The given Hamiltonian formulation preserves general covariance of the transformations derivable from it. This characteristic should be used as the crucial consistency requirement that must be met by any Hamiltonian formulation of General Relativity.
I. INTRODUCTION
The Hamiltonian formulation of General Relativity (GR) is more than a half century old.
To cast GR into Hamiltonian form, a method which deals with singular systems is required.
A way of dealing with this problem, the constrained dynamics, was proposed by Dirac in 1949 [1] . Dirac's procedure was almost immediately applied by Pirani, Schild, and Skinner [2] to GR using the covariant metric tensor as the canonical variable. However, the analysis of [2] was not complete; the time development of secondary constraints was not considered and, strictly speaking, the closure of the Dirac procedure was not demonstrated. Neither the Dirac conjecture that all first-class constraints generate gauge symmetries [3] nor explicit methods for derivation of gauge transformations were known at that time.
A few years later, Dirac revisited this problem himself [4] with the same choice of a canonical variable, the covariant metric tensor, and made a modification of the EinsteinHilbert (EH) Lagrangian to simplify the primary constraints. This modification does not affect equations of motion but, according to Dirac, "can be achieved only at the expense of abandoning four-dimensional symmetry" [4] . He explicitly demonstrated that the canonical Hamiltonian is proportional to a linear combination of secondary constraints. However, as in [2] , it was not possible at that time to derive the gauge invariance which results from the presence of first-class constraints.
Shortly after the appearance of Dirac's article [4] , a new set of variables was introduced by Arnowitt, Deser, and Misner (ADM) (see [5] and references therein) and the geometrical interpretation of these new variables was widely emphasized and discussed (e.g. see [6] ). The Dirac conjecture [3] was converted into an algorithm [7] (see also [8, 9] ) long after the appearance of [2, 4, 5] . It was applied only to the most widely accepted formulation based on the ADM variables. The complete derivation of the gauge transformations from the full set of first-class constraints in the ADM formulation actually appeared only recently [10] .
However, a field-dependent redefinition of the gauge parameters found in [10] is required to present the result in the form of diffeomorphism. These transformations [10] have been known for a long time [11] and were partially derived in [7] for the ADM formulation as an illustration of a general procedure for the derivation of gauge transformations. In [11] the distinction between these transformations and the diffeomorphism transformation was pointed out. In [10] this distinction was called "the unity of the different symmetries" (our Italic).
Why is it in the case of GR, where the Lagrangian and the equations of motion are invariant under the diffeomorphism transformation
does the Hamiltonian formulation lead to "unity", instead of giving the equivalent result?
The Lagrangian and Hamiltonian formulations are supposed to give the same results; in particular, the same gauge invariance. This is well-known equivalence for ordinary gauge field theories. In addition, we refer to the result of Samanta [15] where (1) was derived using the Lagrangian method [16] without introducing any new variables or modifying the EH Lagrangian.
The ADM change of variables, or rather the geometrical meaning related to it, was criticized by Hawking on general grounds as contradictory to "the whole spirit of relativity" [17] . In our view, the disagreement between the results of [10] and [15] is a confirmation of Hawking's criticism. To eliminate such a discrepancy, we reconsider the Hamiltonian formulation of GR by neither using new variables (as was done by ADM) nor by making additional modifications of the original action (as was done by Dirac). We revert to the first canonical treatment of GR in [2] and prove by explicit calculations that the Hamiltonian formulation of GR with the metric tensor as the canonical variable leads to the symmetry of (1), as derived in the Lagrangian approach of [15] . This is expected from a consistent
Hamiltonian formulation of GR.
1 In mathematical literature the term diffeomorphism refers to a mapping from one manifold to another, which is differentiable, one-to-one, onto, with differentiable inverse. However, in the literature on GR, the word "diffeomorphism" is often used as equivalent of the transformation (1) (the semicolon ";" means a covariant derivative) and in our article the latter meaning is employed. By a gauge invariance one usually understands the invariance in the same coordinate frame of reference [12, 13] and with this respect the transformation (1) serves as a gauge invariance of GR and can be written in variety of forms (e.g. (25) of Section V is more suitable for comparison with the results there). Note that the right-hand side of (1) is in fact a Lie derivative of the metric tensor [14] which is obviously a true tensor, so it immediately follows that it is not affected by any change of coordinates (in other words, (1) is generally covariant).
II. THE HAMILTONIAN
The starting point of the Hamiltonian formulation in [2, 4] is the Γ − Γ part [14, 18] of the Einstein-Hilbert Lagrangian which is quadratic in first order derivatives of the metric tensor
where
To find momenta π αβ conjugate to g αβ , we rewrite (2) to explicitly separate terms with time derivatives of the covariant metric tensor (the "velocities")
where Latin alphabet is used for spatial components, 0 for temporal one, and () or (... | ...)
-brackets indicate symmetrization in two indices or two groups of indices, i.e.,
Using (3) we obtain
The explicit form of the first term is (see also [4] )
g 00 .
Note that both e µν and E µνγσ are zero, unless all µ, ν, γ and σ differ from 0, and so from (5) it immediately follows that we have d primary constraints (d is the dimension of spacetime)
For γσ = pq, equation (4) is invertible and giving
where I mnpq is inverse of E pqkl :
The appearance of the singularity in (9) for d = 2 corresponds to the fact, that in two dimensions Eq. (4) cannot be solved for all velocities. So the number of primary constraints equals the number of independent components of the metric tensor.
The Hamiltonian is defined to be H = π αβ g αβ,0 − L, which after elimination of the velocities using (8) gives the total Hamiltonian
where the canonical Hamiltonian H c is
III. CLOSURE OF THE DIRAC PROCEDURE
The fundamental PB are defined by
and, following the standard procedure (see [3, 16, 19] ), we have to calculate time development of primary constraints, {φ 0σ , H T }. Using (7) we now find the PB among primary constraints
while, because H c is independent of π 0α (see (11)), {φ 0σ , H c } cannot be proportional to primary constraints. This leads to the secondary constraints:
We observe that the primary constraints (7) are the same as those derived in [2] (see Eq.
(6) of [2] ) and provide the correct limit of linearized GR [20] , but our (11) Of course, Eq. (13) can be presented in different forms, however this form is convenient when performing an additional consistency check. Having H c proportional to the secondary constraints is a common feature of all generally covariant theories (e.g., see [21] ) and this can be seen as a good verification of the correctness of (13). Comparing (11) and (13) we obtain
Let us continue to apply the Dirac procedure and consider the time derivatives of secondary constraints, {χ 0σ , H T }. We find that
and
This completes the proof of closure of the Dirac procedure, i.e., no further constraints arise. According to (12) , (15), (16), and (17), all constraints are first-class. This is sufficient to derive the gauge transformations. A number of algorithms of such a derivation are available [8, 9] . We follow the approach that was applied for the first time to field theories by Castellani [7] .
IV. THE GENERATORS
The Castellani procedure [7] is based on a derivation of generators of gauge transformations which are defined by chains of first-class constraints. One starts with primary first-class constraint(s), i = 1, 2, ..., and from them constructs chain(s) ξ 
where functions α σ γ (x, y) have to be chosen so that the chain ends on the surface of primary constraints (20) and the generator G (ξ σ ) is given by
To construct the generator (21), we have to find functions α σ γ (x, y) using the condition (20)
The second term of (22) is irrelevant because it is zero on a surface of primary constraints, according to the condition (20) . The rest of the PBs being known (see (16) and (17)) allows one to just read off the functions α σ γ (x, y) from (22) and obtain an explicit expression for G
This completes the calculation of the generator (21).
V. TRANSFORMATION OF THE METRIC TENSOR
Transformations of fields can be found by calculating the following PB
Let us compare the result of this PB with (1) which we present in equivalent but more suitable form for comparison with (24)
For the time-time component, g 00 , (24) gives
so that non-zero contributions come only from those terms proportional to the primary constraint φ 00 δg 00 = ξ σ g 00,0 1 2
Putting µ = ν = 0 and partially separating the space and time indices in Eq. (25), we have
which is equivalent to (26) up to a numerical factor 2 {g 00 , G} = δ (dif f ) g 00 (27) that can be incorporated into a parameter ξ σ → 2ξ σ .
For the transformation of the space-time components, g 0k , we need the corresponding part of the generator depending on φ 0s
In the first bracket of (28) we substitute momenta in terms of the metric (4) so that using (14) we obtain
and finally, after a simple rearrangement of terms in (28), we have
This is equivalent to the transformations of the corresponding components of (25) up to the same numerical factor that occurs in (27).
For the transformation of the space-space components, g nm , we need to keep only terms in G with π pq dependence, so that
The second term produces contributions proportional to the primary constraints and can be neglected on the surface of primary constraints. In χ 0σ we need only momentumdependent terms appearing in (13) . We obtain then
After substitution of π ab from (4) and using (6), (9), and (14), we have
which is again equivalent with (25) up to the same numerical factor of 2.
The transformations of the components of g µν in (26), (29), (30) can be combined into one covariant expression (25) or (1) . This completes the proof of our original statement that the Hamiltonian formulation gives the same result for the gauge invariance of GR as the Lagrangian formulation [15] , as it should. Moreover, this also demonstrates that we obtained the consistent Hamiltonian formulation of GR because the transformation (1) derivable from it is generally covariant.
VI. CONCLUSION
We would like to point out some peculiarities of the Hamiltonian formulation of GR.
First of all, the transformation (30) is valid on the surface of primary constraints. In ordinary gauge field theories (e.g., Maxwell or Yang-Mills) this does not happen, because the right-hand side of (20) equals zero exactly. Another peculiarity of GR is the PB among primary and secondary constraints is not zero by (16) . Such deviations from ordinary gauge theories actually can be expected. In ordinary field theories, equations of motion are exactly invariant under a gauge transformation, whereas the Einstein equations of motion,
g µν R = 0, transform into a combination of the same equations [12] , i.e. are invariant only on-shell
In particular, because of this, the "crucial test" of having off-shell closure of the constraint algebra [22] seems as unreasonably strong for GR. Moreover, it is impossible to expect off-shell closure for generators of a transformation which by itself produces only on-shell invariance of the equations of motion (31).
Going back to the "spiritual" statement of Hawking, we can make the conjecture or possibly draw the conclusion that if diffeomorphism is derivable through the Lagrangian or Hamiltonian approach, then the spirit of GR is "alive", as the mathematical essence of the spirit of GR is to retain general covariance and that diffeomorphism can be derived from its structure. Vice versa, if diffeomorphism cannot be obtained in the Lagrangian or
Hamiltonian formulation, then such a formulation is not the equivalent to GR. In particular, our Hamiltonian formulation of GR which does not resort to any change of variables or modifications gives the same diffeomorphism invariance as the Lagrangian approach [15] .
On the contrary, the ADM Hamiltonian formulation gives different transformations which can be presented in the form of diffeomorphism only after field-dependent and non-covariant redefinition of parameters [10] :
Moreover, the equivalence of the Lagrangian and Hamiltonian formulations implies that the ADM Lagrangian should give the same field-dependent redefinition of gauge parameters (32) if treated by the Lagrangian method of [15] , and it is the expected result [23] . The equivalence of results in both formalisms for asymptotically flat space-times was discussed in [24] .
In this paper we demonstrated that the consistent Hamiltonian formulation of GR can be obtained by considering the metric tensor as the canonical variable and not performing any change of variables. Following the Dirac conjecture and applying the Castellani procedure, we derived the gauge generators from the full set of first-class constraints. From these generators, without redefinition of gauge parameters, we explicitly derived diffeomorphism invariance in the Hamiltonian formulation of GR for the first time. In the Hamiltonian formulation of GR, the covariance is not manifest but the final result on gauge transformation is presented in manifestly covariant form as in the Hamiltonian formulation of ordinary field theories. Our result is another illustration of the resiliency of Einstein's General Relativity and any approach, if correctly used, cannot violate its symmetry and leads to the generally covariant transformation (1).
Note added in proof
After completion of this work it came to our attention that, by a different from [9] method which was used in [10] , the "specific metric-dependent diffeomorphism" (32) of the ADM formulation was also obtained and extensively discussed in [25] .
